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The flow of a mixture of a gas with solid par t ic les  is often accompanied by destruct ion (erosion) of the 
mater ia l  of obstructing bodies as a resul t  of numerous part icle  impacts  on the surface.  In the course  of e ro -  
sion the shape of the body may change appreciably,  causing the entire gasdynamic flow pattern to be r e s t ruc -  
tured. It is therefore  neces sa ry  to incorporate  a descript ion of the erosion p rocess  into the conventional 
scheme for the analysis of two-phase flows. On the other hand, surface wear diminishes the strength charac-  
ter is t ics  of the s t ructure ,  posing a ser ious engineering problem. Several papers  [ 1-4] have been concerned 
with determining the magnitude of the wear associated with erosion in various aerodynamic situations, but 
they lack a co r r ec t  mathematical  model of the effect. 

In the present  ar t icle  we formulate the boundary conditions for the equations of motion of a dusty gas 
with direct  incorporat ion of the surface erosion created by part icle impingement. Within the f ramework of the 
proposed model we investigate the erosion problem for a s lender planar profile and the initial stage of erosion 
of a wedge in a hypersonic dusty gas flow. 

I. I~0undary Conditions Corresponding to Erosion 

The erosion process evolves as a result of the impacts of a large number of small particles against the 
surface of a solid boundary. In each impact event a certain volume of material is removed from the surface 

and carried away by the flow. The impact effect of one microscopic particle is microscopic itself, but if the 

number of impacts is large, the volume of material removed by erosion becomes quite large, Let us suppose 

that prior to the start of erosion the surface of the solid is described by the equation 

z - -  ho(x, y) = O. 

During erosion the original surface changes appreciably, so that at each instant the equation for the surface 
takes the form 

z - -  h(x ,  y,  t )  = 0 .  

The mass  of mater ia l  removed by erosion during a time At f rom unit a rea  is 

A M =  p. [h (x, y, t ) - - h ( x ;  y,  t ~- At)I, (1.1) 

where p .  is the density of the eroded material .  If we neglect mult iple- impact  effects, which is valid for a 
small volume content of particles, the erosion is the sum of the contributions from the impacts of the individ- 

ual particles, and the following equation holds: 

A M  ~- 5 M ' n A t ,  (].2) 

where 5M is the mass  of mater ia l  removed in the impact of one part icle  and h is the part icle flux onto unit 
area.  The quantity 5M can be determined if the mass mp of one part icle and the erosion coefficient E are  
known, according to the equation 

~)M = E m p .  (1.3) 

Substituting (1.3) into (1.2) and (1.1), expanding the function h(x, y, t + At) in a Taylor  ser ies  about the point 
(x, y, t), and passing to the limit At ~ 0, we obtain 

p , a h / a t  = E p p  (vp.n) V i ~- (Oh/ax) ~ -}- (ah/ay)  ~, (1.4) 

where pp, Vp are the density and velocity of the part icle s t ream and u is the unit outward normal  to the sur -  
face z = h ( x ,  y , t ) .  
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Equat ion (1.4) r e l a t e s  the p a r a m e t e r s  of the impingent  flow to the va r i a t ion  of  the s u r f a c e  i t se l f  and the 
e r o s i o n  p a r a m e t e r s .  We have thus r educed  the p r o b l e m s  of  two-phase  flow p a s t  bodies  with e r o s i o n  to p r o b -  
l e m s  involving a va r i ab le  boundary .  In solving the c o r r e s p o n d i n g  p r o b l e m  we can ex t rac t ,  t oge the r  with v a r i -  
ous va lues  of the f ield in the flow volume,  i n fo rma t ion  about  the loca l  w e a r  va lues  5h = h0(x , y) - h (x, y, t) ,  
( .e. ,  p r ed i c t  e ros ion .  F o r  this pu rpose  it is n e c e s s a r y  to know the e ros ion  coef f ic ien t  E, which is  a function 
of the impac t  p a r a m e t e r s .  

In e r o s i o n  tes t s  a s ample  of the inves t iga ted  m a t e r i a l  is p laced  in a dusty gas f lowwith  known p a r a m e t e r s .  
As a r e su l t  of e ros ion ,  the m a s s  of the sample  changes  by the amount  

AM - :  - -  At f Eflp(vp'n) dS, 

and the m a s s  of the a b r a s i v e  c o n s u m e d  in the e ros ion  p r o c e s s  is 

Amp = -- At ~ 9p (v;. n) dS, 
S 

where  S is the a r e a  of the e roded  su r face .  F r o m  the defini t ion we obtain the re la t ionsh ip  of  the expe r imen ta l l y  
d e t e r m i n e d  e r o s i o n  coef f ic ien t  < E } = A M / A m p  to the coeff ic ient  E: 

<E>: S 'Epp(Vp.n)dS/!  pp(Vp.n)dS" (1.5) 

When the p a r a m e t e r s  of the pa r t i c l e  s t r e a m  v a r y  only Slightly along the sample ,  this r e l a t ion  impl ies  < E } = 
E. We have thus d e t e r m i n e d  the e r o s i o n  coeff ic ient  used  to p r ed i c t  wea r  in [ 1, 2].  On the o the r  hand, wri t ing 
e x p r e s s i o n  (1.4) in i n c r e m e n t s  and solving it fo r  E, we obtain 

E = -- [p,6h/pp (vp. n) St] [t + (Oh/Ox) ~ + (Oh/Og)2] -1/~-, (1.6) 

where  6h = h 0 (x, y) - h ( x ,  y, St) and 5t is the e ros ion  t ime.  Consequent ly ,  knowing the d i s t r ibu t ion  of  the 
p a r a m e t e r s  of the p a r t i c l e  s t r e a m  along the sample  and the expe r imen ta l  va lues  of  the wea r  5h, we can use 
Eq. (1.6) to d e t e r m i n e  the e r o s i o n  coef f ic ien t  E. 

In the range  of med ium impac t  ve loc i t i e s  the b e h a v i o r  of the e ro s ion  coeff ic ient  has  been s tudied in de -  
m a n y  m a t e r i a l s  (see,  e.g. ,  [6, 7]) .  F o r  high impac t  ve loc i t i es  (Vp~ 1 k i n / s e e )  we can use  s i n g l e - i m -  tail  f o r  

pac t  data  p r o c e s s e d  in appl ica t ion  to the e ro s ion  condi t ions .  In the ensuing ea Icu l s t ions  we use  the fol lowing 
e x p r e s s i o n  fo r  the e r o s i o n  coeff ic ient :  

[ 4 t �9 t ~ ( 1 . 7 )  v ~ ] - g - t s m a - - T ) ,  a > 3 0  ~ 
E =  P F  

2H e ((z), F (a) = [ 4 
-g~ (sin a) , a ~ 30 ~ 

Here  ~ is the angle  of  a t tack,  and He is the ef fec t ive  e ro s ion  enthalpy [8 ]. 

The funct ion E ( ~ )  is p lot ted in Fig.  1 (solid cu rve )  along with expe r imen ta l  data  [9] obtained in the i m -  
pac t  of s teel  pe l le t s  of  m i l l i m e t e r  d i a m e t e r  aga ins t  a l e a d  ta rge t .  The se t s  of  data  c o r r e s p o n d  to the following 
impac t  ve loc i t i e s :  1) 3.19 k in / s ee ;  2) 3.81; 3) 5.01 k i n / s e e .  This b e h a v i o r  of the e ro s ion  as  a funct ion of the 
angle  of a t t ack  is typica l  of b r i t t l e  wear .  

We note,  f inally,  tha t  when the e ro s i on  coef f ic ien t  is known, it is poss ib l e  to d e t e r m i n e  the m a s s  fiux of  
e ro s ion  p roduc t s ,  but the m o m e n t u m  and e n e r g y  f luxes a r e  st i l l  unknown. Consequent ly ,  the inf luence of  the 
e ro s ion  p r o d u c t s  on the flow of a dus ty  gas  is d i s r e g a r d e d  in the p r e s e n t  s tudy.  The e ro s ion  p r o b l e m  is u n d e r -  
s tood he re  to m e a n  the solut ion of the wel l -known equat ions  of mot ion  of a dus ty  gas  [5] with the boundary  con-  
dition (1.4) in specific aerodynamic situations. 
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2. F l o w  o f  a M i x t u r e  o f  G a s  a n d  S o l i d  P a r t i c l e s  P a s t  a S l e n d e r  P r o f i l e  

We consider the supersonic flow of a dusty gas past a slender symmetrical profile at zero angle of at- 

tack. We assume that the gas is barotropic and that the motion of the particles does not affect the parameters 

of the gas stream. In this ease the equations of motion of the dusty gas are separable into the gasdynamic 

equations and equations of motion of the particles in the gas flow. By virtue of symmetry we consider only the 

flow past the upper half of the profile characterized by the equations y = h0(x), 0 ~x ~ b and y(O) = y(b) = O. 

In the absence of erosion the solution of the linearized gasdynamic equations is known [10]: 

p = p o o  cou~]' u ~ u ~ - - - - d - ,  v = u ~ h o ( x - - r  (2.1) 

where  co = ~/M2 - 1; M ~  is  the M a t h  n u m b e r ;  and p~o, u ~  a r e  the f r e e s t r e a m  ( i m p i n g e n t - f l o w )  v a l u e s  of  the  
0 9  

d e n s i t y  and ve loc i ty .  The p a r a m e t e r s  of the s t r e a m  of p a r t i c l e s  in the  g iven  a p p r o x i m a t i o n  s a t i s f y  the equa -  
t ions  [5] 

0 (2.2) 
a'--E Pvu, -F ~-u PPvv = 0, 

. a 3 pcD (~e______ 2) iv  - -  vp I (~ - -  up), 

( O . ~ )  3 oC~e)  lv __ vpl (v __ %), 
up -dE= -4- % vp = 8 p 

w h e r e  CD (Re) is  the d r a g  coef f i c ien t ;  the Reyno lds  n u m b e r  Re = 2 r p p l  v - V p  I/t~; PS is  the d e n s i t y  of the  p a r -  
t i c l e  m a t e r i a l ;  rp  is  the p a r t i c l e  r a d i u s ;  and U is  the  v i s c o s i t y  of the gas .  The b o u n d a r y  cond i t ions  for  Eqs.  
(2.2) a r e  s p e c i f i e d  on the Mach l ine  x = wy in the f o r m  

pp =pp= ,  up = u ~ ,  vp = 0 .  (2.3) 

We w r i t e  the so lu t ion  of the s y s t e m  (2.2) s u b j e c t  to the  condi t ion  (2.3) with r e g a r d  fo r  (2.1) in the f o r m  

pp = p ~  1 - - - -  o: up = u ~ - - - - - ~ , .  % = u| (2.4) 

whe re  ~ = x - wy and the funct ion q(~) s a t i s f i e s  the o r d i n a r y  d i f f e r e n t i a l  equa t ion  

,q, 3 PM~oC,(Re) lh0(~)-- 'll(h0(~) - ' ~ )  (2.5) 
' -  ' ~  p y ,  ( t  - M ~ / ~ )  

s u b j e c t  to the i n i t i a l  da t a  7(0) = 0. The Reyno lds  n u m b e r  in (2.5) i s  g iven  by the e x p r e s s i o n  

2rpu~Mc~p , 

A s s u m i n g  that  the p a r t i c l e s  move  th rough  the gas  in the Stokes r e g i m e  and r e s t r i c t i n g  the p r o b l e m  to the 

l i n e a r  a p p r o x i m a t i o n  in Eq. (2 .5) ,  we ob ta in  

~ , =  i;1 (h'o (~) -- ~). (2.6) 

H e r e  lp = 2 0 s w r ~ u o o / M ~ t ~  i s  the length  of the p a r t i c l e  r e l a x a t i o n  zone.  

I n a s m u c h  a s  the l i n e a r  v e l o c i t i e s  of the s u r f a c e  of the  p r o f i l e  f o r m  a s m a l l  quan t i ty  ~ ~)p/O, < 10 .3 r e l a -  
? 

t ive  to the  c h a r a c t e r i s t i c  a m p l i t u d e  u~h  0 of  the p e r t u r b a t i o n s  of the gas  s t r e a m  ve loc i t y ,  we can  n e g l e c t  th is  
add i t i ona l  p e r t u r b a t i o n  in so lv ing  the g a s d y n a m i c  p r o b l e m ,  i . e . ,  in (2.1) and (2.6) we can  s e t  h = h(~,  t ) .  Us ing  

the b o u n d a r y  cond i t ion  (1.4) and e x p r e s s i o n  (1.7), we have 

Oh/Ot = (dxo/dt)Oh/Ox 1 - -  G(Oh/Ox~ - -  ~1)~ x~ : x - -  xo(t), 

w h e r e  x 0 (t) i s  the p o s i t i o n  of the l e a d i n g  edge  and G = 2 ~ ) p ~ U ~ / 3 0 . H e .  The r e s u l t i n g  equa t ion  is so lved  s i m u l -  
t a n e o u s l y  with (2.6) s u b j e c t  to the  cond i t ions  

h(x l ,  0) = h0(x), h(0, t) = 0. 

I t  is  r e a d i l y  a p p a r e n t  tha t  the funct ion  x 0 (t) s a t i s f i e s  the  equa t ion  

d X ~  "0 t))zi - -  ~ t  , x o ( 0 ) = 0 .  

We have  thus  r e d u c e d  the p r o b l e m  of  s u p e r s o n i c  flow of  a m i x t u r e  of gas  and s o l i d  p a r t i c l e s  p a s t  a 
s l e n d e r  p r o f i l e  with e r o s i o n  to the fo l lowing:  F ind  the funct ions  h, 7, x0 ~ C 1 in the d o m a i n  D (x 0 -<-x <- X; 0 _< 
t _< T ) ,  s a t i s f y i n g  the s y s t e m  of  equa t ions  
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and the cond i t ions  

h( O, t) : O~ ~1(0) ~- O, xl = x --  xo(t); " 

h (x:, 0) = ho (z), 5o (0) = 0, 0h /0x :  (~:1, 0) = hl  (x). 

The r i g h t  b o u n d a r y  of the d o m a i n  x = X does  not  e n t e r  into the s t a t e m e n t  of the p r o b l e m  and i s  ob ta ined  in the 
c o u r s e  of the so lu t i on  as  the po in t  a t  which  the d i f f e r e n c e  (h' - ~) changes  s ign.  

The s t a t e d  p r o b l e m  has  a p a r t i c u l a r  so lu t i on  of the  f o r m  

h(xl, t) = (t --  2At)-1/2](xl)~ ~ = (i - -  2At)-~/~g(xl),; (2.7) 

x 0 (t) Gi~" In (i - -  2At). 2A 

Here A is the constant of integration, and the functions f(xl) and g(xl) satisfy the equations 

G]~2] ' - -  A] = G ( / - -  g)~, ] (0) = 0, lpg' = / - -  g, g(0)=0, 10 = [ '  (0). (2.8) 

The s y s t e m  of equa t ions  (2.8) d e s c r i b e s  the p r o p e r t y  of p r o f i l e s  wi th  a g iven  s l o p e  and c u r v a t u r e :  

h'o (0) ]o, ho (0) : 3]0/2 p - -  A/2a]o. 

It fo l lows  f r o m  th is  s o l u t i o n  tha t  in e r o s i o n  a convex p r o f i l e  [h~' (0) < 0, A > 0] b e c o m e s  even  m o r e  convex,  and 
i t s  w e a r  r a t e  i n c r e a s e s  with t i m e .  C o n v e r s e l y ,  any  concave  p r o f i l e ,  fo r  which h~'(0) > 3f'o/2l p, f l a t t ens  du r ing  
a b r a s i o n ,  and  i t s  w e a r  r a t e  d i m i n i s h e s  with t i m e .  T h e s e  c h a r a c t e r i s t i c  a t t r i b u t e s  of the a b r a s i o n  ( e r o s i o n )  of 
a s l e n d e r  p r o f i l e  a r e  shown in F ig .  2. F o r  c l a r i t y  the l ong i tud ina l  s c a l e  has  been  changed  by  the f a c t o r  Ip, and 
the t r a n s v e r s e  s c a l e  by /p f~ .  C u r v e s  1-3 c o r r e s p o n d  to the l ocus  of the s u r f a c e  of a convex  p r o f i l e  in e r o s i o n  
(At = 0, 0.5, 1 r e s p e c t i v e l y ) ,  and  c u r v e s  4-6  to the s a m e  fo r  a c onc a ve  p r o f i l e  with the o p p o s i t e  s ign  of the 
p a r a m e t e r  A ( [A it  = 0, 0.5, I r e s p e c t i v e l y ) .  The d a s h e d  l i n e s  r e p r e s e n t  the  z e r o  Mach l ine .  
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3. E r o s i o n  o f  a W e d g e  i n  a S u p e r s o n i c  F l o w  

We now c o n s i d e r  the  p r o b l e m  of the flow of a gas  with e n t r a i n e d  s o l i d  p a r t i c l e s  p a s t  a wedge.  We con -  
s i d e r  the  wedge to be s l e n d e r  and the f r e e s t r e a m  v e l o c i t y  uoo to be  such  tha t  the shock  wave  wi l l  be  a t t a ched .  
We deno te  the wedge ang le  by 20,  as  shown in F ig .  3a. We once  a g a i n  invoke the a p p r o x i m a t i o n  w h e r e  the too -  
t ion of  the so l id  p a r t i c l e s  does  not  a f f ec t  the p a r a m e t e r s  of the  gas  s t r e a m .  Fo l Iowing  the w e l l - k n o w n  r e s u l t s  
of [ 10],  we w r i t e  the so lu t i on  fo r  the gas  flow behind  a shock  wave in the  f o r m  

8 = p J p ,  u = u~ cos ~ cos 0/cos (~ - -  0), v = uoocos ~ sin 0/cos(~--0). (3.1) 

The p a r a m e t e r s  of  the mot ion  of the so l id  p a r t i c l e s  s a t i s f y  the s y s t e m  of  equa t ions  (2 .2) ,  for  which the fo l low-  
ing cond i t ions  m u s t  be  s a t i s f i e d  on the shock  l ine  y = x t an  fi: 

9p = 9p~, Up = u~, vp = 0. (3.2) 

This  m e a n s  tha t  the i m p i n g e n t  flow of the gas  and p a r t i c l e s  is  in v e l o c i t y  e q u i l i b r i u m .  

We w r i t e  the soIu t ion  of the s y s t e m  of equa t ions  (2.2) s u b j e c t  to the b o u n d a r y  cond i t ions  (3.2) in the 
f o r m  

pp = pp~/(l  _ (t - -  e)1]),  Up = U~ -- (Uo~ - -  U)~, Vp = VVI" , 

w h e r e  the funct ion  ~(() s a t i s f i e s  the equa t ion  

3 pOD (Re)sin 0 ctg ~ (t '--  ~1) 2 
q'  = 8 9srpC0S(~--0)  i - - ( l - - e ) ~ l  ' ~1(0) = 0. (3.3) 

H e r e  Re = Re0(1 - ~ ) ;  Re 0 = 2 r p 0 v / ~  cos/3; ~ = x tg/3 ~ y. Next,  we use  a p o w e r - l a w  a p p r o x i m a t i o n  fo r  the d r a g  
coe f f i c i en t :  CD(Re) = CnRe -n .  In th i s  c a s e  the so lu t i on  of Eq. (3.3) has  the f o r m  

, ~ ~ [~ - (~ - ~)'~]}, 
where 

8 PS Reo cos (~-- 0) 
lpn ~ ~ pC n sin 0 ctg ~ rp.. 

I t  i s  i m p o r t a n t  to note tha t  fo r  n = 0.5 the so lu t ion  c o i n c i d e s  with the w e l l - k n o w n  so lu t i on  g iven  in [ 11]. F i g u r e  
4 shows the r e s u l t s  of c a l c u l a t i o n s  of  the  funct ion  ~ (~)  fo r  v a r i o u s  d r a g  l aws  and e = 0.32 ( c u r v e s  1-3 c o r r e -  
spond to n = 0, 0.5, 1). Of the two p a r a m e t e r s  n a nd /pn ,  the r e l a x a t i o n  l eng th  is  d e c i s i v e .  Thus ,  i f  the d r a g  
law is  c h o s e n  with u n c e r t a i n t y ,  but  the r e l a x a t i o n  l eng th  is  c o r r e c t l y  s p e c i f i e d ,  the  m a x i m u m  e r r o r  of  d e t e r m i n -  
a t ion  of the p a r t i c l e - s t r e a m  p a r a m e t e r s  wi l l  not  be  g r e a t e r  than 25%. 

We c o n s i d e r  the  wedge e r o s i o n  p r o b l e m  in the l i n e a r  a p p r o x i m a t i o n .  We choose  the e r o s i o n  c o e f f i c i e n t  in 
the f o r m  (1.7). Subs t i tu t ing  the r e s u l t i n g  so lu t i ons  into e x p r e s s i o n  (1.4) and i n t e g r a t i n g ,  we ob ta in  

p ~ u ~  u~ 4 . , ~ s  t ,  (3.4) h (g, t) = g ctg O -t- ~ (g~e-g -  ~'~ 0 ) 1 (_t(~n 4 

w h e r e  the funct ion  r? (4) i s  c a l c u l a t e d  on the s u r f a c e  of  the wedge ,  i . e . ,  f o r  ~ = y (tg fi c tg  0 -  1). 

I n a s m u c h  a s  ~ ( ~ ) v a r i e s  m o n o t o n i c a l l y  o v e r  the s u r f a c e  of the wedge ,  the m a x i m u m  e r o s i o n  wi l l  t ake  
p l a c e  a t  the bow of the  wedge .  The  w e a r  r a t e  of the l e a d ing  edge  is  

~Xo P , ~ ( ~  ~ ~ ) 
e--; = -57 \2-~2~ 75- s~n 0 u ~ ,  

F i g u r e  3a shows the r e s u l t s  of c a l c u l a t i o n s  of  the  e r o s i o n  of a s l e n d e r  wedge  fo r  the p a r a m e t e r s  0 = 19~ 
Moo = 5, x0t = 0.3/p,  n = 0.5. The s o l i d  I ine i n d i c a t e s  the l ocus  of the s u r f a c e  of the wedge  p r i o r  to the s t a r t  of 
e r o s i o n ,  and the d o t - d a s h  l ine  r e p r e s e n t s  i t s  s u b s e q u e n t  v a r i a t i o n .  The  magn i tude  of the  w e a r  d e c r e a s e s  p r a c -  
t i c a l l y  l i n e a r l y  with d i s t a n c e  f r o m  the l e ad ing  edge ,  b e c a u s e  the  p a r a m e t e r  ~/Ip v a r i e s  i n s i g n i f i c a n t l y  h e r e  
and does  not  e x c e e d  0.2. F i g u r e  3b shows  the e r o s i o n  of  the s u r f a c e  of a wedge  with v e r t e x  (bow) ang le  0 = 40 ~ 
Moo = 5, and  n = 0.5. The nonun i fo rm  w e a r  a long the s u r f a c e  is  d i s t i n c t l y  v i s i b l e .  The  d a s h e d  l i n e s  in F i g s .  3a 
and 3b i nd i ca t e  the l o c u s  of the shock  f ron t  p r i o r  to the s t a r t  of e r o s i o n .  

Us ing  Eq. (1.5) and the so lu t ion  ob ta ined  h e r e ,  we c a l c u l a t e  the  a v e r a g e  e r o s i o n  c o e f f i c i e n t  a c c o r d i n g  to 
the  e x p r e s s i o n  
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in which L = H (tg/3 ctg 6 - 1), and H is the height  of  the wedge. It is evident  f r o m  the resu l t ing  re l a t ion  that  
edge effects  g r e a t l y  d i s t o r t  the behav io r  of  the e ro s ion  coeff ic ient  in its ave rag ing ,  because  u~o and ~ affect  
the value of rT(~) at  the edge point  ~ -- L (Fig. 5; cu rves  1-3 c o r r e s p o n d  to n = 0, 0.5, 1). Consequent ly ,  the 
m e a s u r e m e n t s  m u s t  be p e r f o r m e d  with on v e r y  long wedges (L >> lp)  o r  on v e r y  s h o r t  ones (L << l p ) .  

It follows f r o m  the r e su l t s  in F igs .  33 and b that wedges a r e  blunted by e ros ion .  The slope angle of  the 
wedge su r f ace  in the v ic in i ty  of  the leading edge is de t e rmined  f r o m  the r e l a t ion  

t g 0 , = t g 0 [ , , ~ ( 2 - ~ e )  ( t g ~ - - t g 8 ) l .  

The p e r t u r b a t i o n  of  the p a r a m e t e r s  of  the gas  s t r e a m  will be smal l  if  01 - ~ << 0. This condit ion holds if  r = 
x o t / / p  << 1, so that  the e r r o r  of  the l i nea r  t heo ry  is O (T2). Equat ion (3.4) t h e r e f o r e  has the f o r m  

h(y,  t) = h(y~ 0) q- [lp(i -~ ~]}a/(l - -  (I - -  e)~l)]* q-/pO(~=), 

where  the e r r o r  of  the p a r t i c u l a r  app rox ima t ion  is indicated explici t ly.  
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